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Abstract—The recently proposed Fluctuating Two-Ray (FTR)
model is gaining momentum as a reference fading model in
scenarios where two dominant specular waves are present.
Despite the numerous research works devoted to the performance
analysis under FTR fading, little attention has been paid to
effectively understanding the interplay between the fading model
parameters and the fading severity. According to a new scale
defined in this work, which measures the hyper-Rayleigh char-
acter of a fading channel in terms of the Amount of Fading, the
outage probability and the average capacity, we see that the FTR
fading model exhibits a full hyper-Rayleigh behavior. However,
the Two-Wave with Diffuse Power fading model from which
the former is derived has only strong hyper-Rayleigh behavior,
which constitutes an interesting new insight. We also identify
that the random fluctuations in the dominant specular waves are
ultimately responsible for the full hyper-Rayleigh behavior of this
class of fading channels.
Index Terms—Amount of fading, capacity, fading channels,
hyper-Rayleigh fading, outage probability.
I. INTRODUCTION
With the advent of the new century, the research in stochas-
tic fading models has been revamped as a complement to the
classical models like Rayleigh, Rice and Nakagami. A number
of relevant and rather general fading distributions has been
proposed [1–5], which have proven useful to accommodate to a
wide set of propagation environments and have been supported
by empirical evidences.
Among these new channel models, the Fluctuating Two-Ray
(FTR) fading model [5] has become rather popular due to its
versatility to represent propagation conditions on which not
one, but two dominant waves appear, associated to specular
multipath components. These two dominant waves are often
referred to as line-of-sight (LoS) in a wide sense. Right after
its inception, the research interest on the FTR fading model
has been intense, providing further generalizations of it and
characterizing the performance of wireless communication
systems operating under FTR fading channels [6–8].
The FTR model inherits the characteristics of the Two-
Wave with Diffuse Power (TWDP) model [1] from which
it originates. The TWDP model contemplates a Rayleigh-
diffused component which is added to the two deterministic
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LoS ones. This provides additional degrees of freedom for
the desired model to accurately represent the actual chan-
nel conditions compared to the Rician case (i.e. only one
LoS component). The two dominant specular waves could
be clearly discernible (depending on electromagnetic issues
like antennas radiation pattern, signal bandwidth or carrier
frequency) over other contributions from waves of smaller
amplitudes due to multipath propagation in the environment
that could be grouped into the diffuse term. The key innovation
of FTR w.r.t. the TWDP model relies on the fact that the LoS
components are allowed to fluctuate. This may be caused, for
instance, by human body shadowing [9], which occurs at a
faster time-scale than the conventional shadowing associated
to the presence of buildings. Examples of suitable propagation
scenarios for these models can be found in indoor mobile ra-
dio links, vehicle-to-vehicle communications, wireless sensor
networks or mmWave communications [5, 10, 11].
Rayleigh fading model is naturally derived from an scenario
of narrow-band wireless transmission with a large number of
uncorrelated components, due to multipath propagation, of
similar amplitudes and without a dominant wave associated
to a LoS path [12] (a Non-LoS –NLoS– condition). Hence,
it is common to use it as a benchmark to compare other
fading models, and it has been traditionally considered as a
worst case situation. The term worse-than-Rayleigh has been
coined to denote channel models with a more severe fading,
which yields lower system performance than the Rayleigh
counterpart [10, 13]. This notion is commonly associated to
scenarios in which several dominant waves (more than one,
which corresponds to Rice fading) of similar amplitudes may
cancel each other, i.e. like TWDP fading. Also, multipath
propagation conditions in which the number of components
is not large enough to apply the central limit theorem as in
the Rayleigh model are expected to behave in this manner.
The term hyper-Rayleigh is often employed as a synonym for
this worse-than-Rayleigh behavior [11, 14],
The TWDP fading, and its special case Two-Wave, are
widely used as examples of hyper-Rayleigh behavior in the
literature [11, 14, 15]. Because it is derived from the TWDP
fading model, the FTR model is expected to exhibit also a
worse-than-Rayleigh behavior, associated to the partial cancel-
lation of the LoS components when they have similar magni-
tudes and the diffuse power is reduced (i.e. strong LoS case).
Even though some attempts have been made to investigate
the hyper-Rayleigh behavior in the literature from different
perspectives, there is still no consensus in the community to
quantify this effect. For instance, in [16] a 10% fade depth
metric, derived from the cumulative distribution function of
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2the instantaneous received SNR, is proposed to measure severe
fading conditions. In [15, 17] other metrics associated to the
average capacity loss with respect to the Rayleigh fading are
discussed.
The contribution of this work is three-fold: first, in order to
analyze the fading severity and using the Rayleigh model as
a benchmark, the hyper-Rayleigh character of a fading model
is quantified by means of three metrics: amount of fading,
asymptotic outage probability and asymptotic average capac-
ity. Using these metrics, a four-level scale is proposed to quan-
tify the fading severity of a fading model: full/strong/weak/no
hyper-Rayleigh behavior. Second, we provide new analytical
results for some statistics of the FTR fading model. Specifi-
cally, we obtain closed-form expressions for the kth moment
of the SNR and for the amount of fading, as well as asymptotic
approximations to the CDF and the average capacity. Third,
using this new set of results, we investigate the interplay
between fading severity and system performance under FTR
fading and we show that the FTR fading model exhibits
hyper-Rayleigh behavior in different circumstances, and that
it always yields a worse system performance than its TWDP
counterpart.
The remainder of this paper is organized as follows. In
Section II, we introduce the notation and give some definitions
related to fading model metrics. In Section III, additional
definitions now focused on the characterization of the hyper-
Rayleigh behavior are provided. Section IV is devoted to the
analysis of the FTR model, including mathematical derivations
to obtain the new results (whose proofs are outlined in the
appendices), and the exploration of the interplay between the
model parameters and the fading severity by determining its
hyper-Rayleigh regime. In Section V, numerical results are
presented in which several settings of the FTR model are
discussed. Finally, conclusions are drawn in Section VI.
II. DEFINITIONS
Throughout this paper, E{·} denotes the expectation
operator. The symbol ∼ reads as statistically distributed
as. The instantaneous signal-to-noise ratio (SNR) γ is
related to the received signal envelope r as γ = γ |r|
2
E{|r|2} ,
where γ = E[γ] is the average SNR. Uniformly distributed
random variables (RVs) in the interval [a, b) are denoted as
z ∼ U [a, b). The probability density function (PDF) of the
RV γ is denoted as fγ(·), whereas the cumulative distribution
function (CDF) of the RV γ is denoted as Fγ(·).
Definition 1 (Normalized moments of the SNR):
The normalized kth moment of γ is defined as
M(k) , E{γ
k}
γk
=
∫ ∞
0
(
γ
γ
)k
fγ(γ)dγ. (1)
Definition 2 (Amount of Fading):
The Amount of Fading (AoF) is defined as [12]
AoF =
E[γ2]
γ2
− 1 =M(2)− 1, (2)
for the instantaneous SNR γ.
Definition 3 (Outage Probability):
The Outage Probability (OP) is defined as the probability that
the instantaneous SNR γ falls below a given threshold value
γth, i.e. OP = Pr{γ < γth}. Hence, it can be computed by
evaluating the CDF of the SNR, as
OP = Fγ(γth). (3)
Definition 4 (Asymptotic Outage Probability):
For γth << γ, the OP can be approximated as [18]
OP ≈ ∆PO
(
γth
γ
)d
, aOP, (4)
where d > 0 is usually referred to as diversity order, and
∆PO > 0 is a power offset factor.
Definition 5 (Average Capacity):
The average capacity C per unit bandwidth is defined as
the instantaneous Shannon capacity averaged over all possible
fading states, i.e.
C =
∫ ∞
0
log2 (1 + γ) fγ(γ)dγ, (bps/Hz). (5)
Definition 6 (Asymptotic Average Capacity):
For sufficiently large γ, the average capacity can be approxi-
mated as
C ≈ log2(γ)− L , aC, (6)
where L ≥ 0 due to Jensen’s inequality, and can be computed
from (1) as in [19]
L , − log2(e)
dM(k)
dk
∣∣∣∣
k=0
= − log2(e)M′(0). (7)
Note that L = 0 in the absence of fading, i.e. the additive
white Gaussian noise (AWGN) case.
III. QUANTIFYING THE HYPER-RAYLEIGH REGIME
In this Section, we give a formal definition of the hyper-
Rayleigh regime in the context of fading channels. Specifically,
we define a set of performance metrics related to the actual
fading channel distribution, compared to that of the Rayleigh
case. These metrics, which are introduced next, are based on
the amount of fading, outage probability and average capacity.
Definition 7 (Hyper-Rayleigh regime in the AoF sense):
Let γ be the instantaneous SNR under an arbitrary fading
model X . Then, we say that the distribution X has hyper-
Rayleigh behavior in the AoF sense if the following condition
holds for a certain set of parameter values:
AoFX > AoFRay = 1. (8)
The previous definition implies that the fading model X
is hyper-Rayleigh if the AoF is larger than its Rayleigh
counterpart, for which AoFRay = 1, a well-known result [12].
Definition 8 (Hyper-Rayleigh regime in the OP sense):
Let γ be the instantaneous SNR under an arbitrary fading
model X . Then, we say that the distribution X has hyper-
Rayleigh behavior in the OP sense if
aOPX (γth) = aOPRay(γth) =⇒ γX > γRay, (9)
for a certain set of parameter values.
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Fig. 1. Calculation of the power offset metric ∆PO(dB) from the asymptotic
OP, in two different situations. The fading channel model X has hyper-
Rayleigh behavior in the OP sense, unlike the fading channel model Y .
Because the asymptotic OP in the Rayleigh case is given by
setting d = 1 and ∆RayPO = 1 in (4), we can easily see that the
hyper-Rayleigh behavior is governed by the diversity order of
the distribution X . In case dX > 1, the asymptotic decay of the
OP is faster than in the Rayleigh case and the condition in (9)
is not met for aOP. Similarly, if dX < 1 then the OP under X
fading decays slower than the OP under Rayleigh fading, and
hence the distribution X can be regarded as hyper-Rayleigh.
Finally, for dX = dRay = 1 we can express the condition in
(9) as
10 log10
(
γth
γRay
)
= 10 log10
(
γth
γX
)
+ 10 log10
(
∆XPO
)
,
(10)
so that
∆XPO(dB) = 10 log10
(
γX
γRay
)
> 0. (11)
We note that the power offset metric in (11) is similar to the
empirical 10% fade depth metric defined in [16]. The hyper-
Rayleigh behavior in this case appears when ∆XPO(dB) > 0.
The interpretation of (11) in this situation is exemplified in Fig.
1. We see that for a target OP, the power offset metric for the
fading channel X is roughly ∆XPO(dB) ≈ 5.1dB; this implies
that in order to reach the same OP as in the Rayleigh case,
5.1dB more are required for the average SNR under X -fading.
Conversely, for the case of considering the fading model Y , we
see that ∆YPO(dB) ≈ −8.4dB, i.e. we can have the same OP
as in the Rayleigh case with a smaller average SNR. Note that
because the power offset metric is defined from the asymptotic
OP, it does not depend on the target OP value used in (9).
Definition 9 (Hyper-Rayleigh regime in the average capacity
sense):
Let γ be the instantaneous SNR under an arbitrary fading
model X . Then, we say that the distribution X has hyper-
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Fig. 2. Calculation of the capacity offset metric ∆C from the asymptotic
capacity, in two different situations. The fading channel model X has hyper-
Rayleigh behavior in the average capacity sense, unlike the fading channel
model Y .
Rayleigh behavior in the average capacity sense if the follow-
ing condition holds for a certain set of parameter values.
γX = γRay =⇒ aCX < aCRay (12)
The asymptotic average capacity under Rayleigh fading is
obtained [19] by setting LRay = log2(e) · γe in (6), where
γe = 0.577215... is the Euler-Mascheroni constant. Hence,
the condition in (12) can be expressed from (6) as
LX > LRay =⇒ ∆CX , −γe − dM
X (k)
dk
∣∣∣∣
k=0
> 0, (13)
which is directly computed by evaluating the first derivative
of the kth moment of the fading distribution with respect to k,
evaluated at k = 0. The interpretation of (13) is exemplified
in Fig. 2. Let us first consider the fading model X ; we see
that for a given average SNR, the capacity in the high SNR
regime is lower than in the Rayleigh case. Hence, the capacity
loss metric ∆CX ≈ 0.63 > 0, which indicates an hyper-
Rayleigh behavior in the average capacity sense. Conversely,
the capacity loss metric ∆CY ≈ −0.42 < 0, and hence in this
case we do not have hyper-Rayleigh behavior.
This set of metrics allows to characterize the hyper-Rayleigh
behavior in a complete form. As we will show in the next
Section, the three conditions may not be met at the time for a
given distribution. For this reason, we propose the following
intensity scale to measure the hyper-Rayleighness of a fading
channel: we will say that a fading channel has full hyper-
Rayleigh behavior if it meets all the three conditions defined
in Propositions 1-3, i.e., it is hyper-Rayleigh in the AoF, OP
and average capacity senses. We will say that a fading channel
has strong hyper-Rayleigh behavior if it meets two of the three
conditions defined in Definitions 7-9. Finally, we will say that
a fading channel has weak hyper-Rayleigh behavior if it meets
only one of the three conditions defined in Definitions 7-9. In
case none of the conditions is met, then the fading model does
not exhibit hyper-Rayleigh behavior.
4IV. A CASE STUDY: FTR FADING
In this Section, we will use the previously defined set of
metrics to determine to what extent the recently proposed FTR
fading model has hyper-Rayleigh behavior. We will also pay
attention to some of the special cases of the FTR fading model,
which will provide important insights on the hyper-Rayleigh
behavior of very relevant fading models in the literature.
A. System Model for FTR fading
The received signal in a wireless scenario can be expressed
in the following general form [1]:
r =
N∑
i=1
Vi exp (jϕi) +
M∑
i=1
Ai exp (jφi) , (14)
where the Vi and Ai indicate constant amplitudes for each of
the multipath waves, which have random phases {ϕi, φi} ∼
U [0, 2pi). For a sufficiently large number of waves of relatively
low amplitudes, and assuming that such waves are included in
the second term in (14), the central limit theorem applies as
M →∞ and therefore it can be approximated by a complex
Gaussian RV Vd = X + jY with E{|Vd|2} = 2σ2, which will
be regarded as the diffuse component. Under this premise, we
can rewrite (14) as
r =
N∑
i=1
Vi exp (jϕi) + Vd. (15)
The N remaining waves correspond to a set of dominant
or specular waves usually regarded to as LoS components;
this will be the convention throughout the rest of the pa-
per. For N = 2, the popular and versatile TWDP fading
model emerges; hence, the instantaneous SNR γ under TWDP
fading is fully determined by its average SNR γ, and the
parameters K = V
2
1 +V
2
2
2σ2 and ∆ =
2V1V2
V 21 +V
2
2
; i.e. we say that
γ ∼ T (γ;K,∆).
The FTR fading model in [5] arises as a natural generaliza-
tion of the TWDP, on which the LoS components are allowed
to randomly fluctuate. Hence, the received signal under FTR
fading can be expressed as:
r =
√
ζV1 exp (jϕ1) +
√
ζV2 exp (jϕ2) + Vd, (16)
where V1 and V2 are the constant amplitudes of the dominant
specular waves with random phases, Vd denotes the diffuse
component and ζ is in charge of modeling the amplitude
fluctuations in the LoS components, and is assumed to follow
a Gamma distribution with unit mean and shape parameter
m > 0, i.e. ζ ∼ G(m, 1/m) with PDF given by
fζ(u) =
mm
Γ(m)
um−1e−mu. (17)
When conditioned to ζ the instantaneous SNR under FTR
fading is distributed according to the TWDP distribution.
This observation allowed to fully characterize the PDF and
CDF under FTR fading with arbitrary real m by either an
inverse Laplace transform over the MGF [5] or in the form
of an infinite mixture of gamma PDFs/CDFs [6]. Additional
simplified forms were available for the specific case of m
being an integer, as well as simple closed-form approximations
[5]. In the next subsection, we provide new analytical closed-
form results for some statistics of the FTR fading model,
which will be of later use to characterize the hyper-Rayleigh
behavior of this class of fading channels.
B. New Results for FTR fading
The new statistics of the FTR distribution derived in this
work include an asymptotic approximation for the CDF, the
moments of the SNR, the AoF metric and the asymptotic
average capacity. These results hold for an arbitrary choice
of the fading parameters K, ∆ and m.
Lemma 1 (Asymptotic approximation for the CDF): Let γ be
the instantaneous SNR under FTR fading. Then, for K < ∞
an asymptotic approximation for the FTR CDF can be given
as:
Fγ(γ) ≈ γ
γ
(1 +K)
(1 + Km )
m 2
F1
(
m
2
,
1 +m
2
; 1;
∆2
(mK + 1)
2
)
︸ ︷︷ ︸
∆FTRPO
,
(18)
where 2F1(·) is the Gauss hypergeometric function.
Proof: See Appendix A.
Lemma 2 (Normalized moments): Let γ be the instantaneous
SNR under FTR fading. Then, the kth normalized moment of
γ can be expressed as
M(k) = k!
(1 +K)k
k∑
i=0
(
k
i
)
Ki
i!
2F1
(
1
2 , inc− i; 1; 2∆∆−1
)
Gi,m.
(19)
where Gi,m = m−i
Γ(m+i)
Γ(m) , and Γ(·) is the Gamma function.
Proof: See Appendix B.
The expression for the moments of the SNR in FTR fading
is a new result in the literature to the best of the authors’
knowledge. A simplified expression can be obtained for the
case of ∆ = 1, which is given in the following corollary.
Corollary 1: Let γ be the instantaneous SNR under FTR
fading. Then, if ∆ = 1 the kth normalized moment of γ can
be expressed as
M(k) = k!
(1 +K)k
k∑
i=0
(
k
i
)
(2K)i√
pimii!
Γ(i+ 1/2)
Γ(i+ 1)
Γ(m+ i)
Γ(m)
.
(20)
Proof: Following the same steps as in the proof of Lemma
1, and noting that
1
pi
∫ pi
0
(1 + ∆ cos θ)
i
dθ =
2i√
pi
Γ(i+ 1/2)
Γ(i+ 1)
, (21)
the proof is completed.
As a by-product of these expressions for the moments, a
closed-form expression for the AoF can be obtained as follows.
Lemma 3 (Amount of Fading): Let γ be the instantaneous
SNR under FTR fading. Then, the AoF in FTR fading is given
by
AoF = 1−
(
K
1 +K
)2
︸ ︷︷ ︸
p(K)
2−
(
1 +
∆2
2
)
︸ ︷︷ ︸
q(∆)
(
1 +
1
m
)
︸ ︷︷ ︸
r(m)
 . (22)
5TABLE I
AoF of the FTR fading model and special cases
Channel model AoF
FTR AoF = 1−
(
K
1+K
)2 [
2−
(
1 + ∆
2
2
) (
1 + 1
m
)]
TWDP AoF = 1−
(
K
1+K
)2 [
1− ∆2
2
]
FTW AoF = 1
m
(
1 + ∆
2
2
)
+ ∆
2
2
Two-Wave AoF = ∆
2
2
Rician shadowed AoF = 1−
(
K
1+K
)2 (
1− 1
m
)
Rician AoF = 1−
(
K
1+K
)2
Hoyt AoF = 2(1+q
4)
(1+q2)2
Rayleigh AoF = 1
Proof: Using the expression of the moments in (19) for
k = 2, the special values of the second moment in [20, eq.
8], and noting that Γ(m+2)Γ(m)m2 = 1 +
1
m , the desired expression
is obtained after some manipulations.
Expression (22) is a new result in the literature to the best
of our knowledge. In Table I, the AoF of most relevant special
cases included in the FTR fading model is summarized. These
include the TWDP (i.e., m → ∞) and the fluctuating two-
wave (FTW) (i.e., K →∞) [15], the two-wave (i.e., K →∞,
m → ∞), the Rician shadowed (i.e., ∆ = 0), Rician (i.e.,
∆ = 0, m → ∞), Hoyt (i.e., q =
√
1+K(1−∆)
1+K(1+∆) and m = 1)
and Rayleigh (i.e., ∆ = 0, K = 0, ∀m) fading models.
Lemma 4 (Asymptotic Capacity): Let γ be instantaneous
SNR under FTR fading. Then, the average capacity in the
high-SNR regime is tightly approximated by
aC = log2 γ − LFTR(K,∆,m), (23)
where
LFTR(K,∆,m) = log2(e)γe︸ ︷︷ ︸
LRay
− log2(e)
pi
∫ pi
0
F(θ)dθ, (24)
and F(θ) is given at the top of next page in (25), with 3F2(·)
being a generalized hypergeometric function [21, eq. (16.2.1)]
and log denoting the natural logarithm.
Proof: See Appendix C.
C. Exploring the hyper-Rayleigh Regime of FTR Fading
We now use the previously derived analytical results to
investigate the effect of the FTR fading parameters, namely K,
∆ and m, on the fading severity, i.e. to determine its hyper-
Rayleigh behavior.
Let us first begin with the AoF metric. Interestingly, the AoF
dependence on the fading model parameters is encapsulated in
the functions p(K), q(∆) and r(m) as indicated in (22). Since
all these three ancillary functions are positive, this facilitates to
understand the interplay between the fading model parameters
and the AoF. Specifically, evaluating the first derivative of the
AoF with respect to each of the fading parameters allows us to
determine the monotonic behavior (increasing or decreasing)
of the AoF. These derivatives can be easily computed as
follows:
∂AoF
∂K
= − 2K
(1 +K)3
(2− q(∆)r(m)) , (26)
∂AoF
∂∆
= p(K)r(m)∆, (27)
∂AoF
∂m
= −p(K)q(∆) 1
m2
, (28)
We see that ∂AoF∂∆ > 0 ∀∆; hence, this implies that the AoF
is always increased with ∆, i.e. it is always larger than that
for ∆ = 0. Similarly, we also see that ∂AoF∂m < 0 ∀m. Hence,
the AoF is always increased as m is reduced, i.e. as the LoS
fluctuation is heavier. This implies that the FTR fading model
always has a larger AoF than its TWDP counterpart. Finally, in
order to understand the impact of increasing K, two different
cases need to be studied depending on whether q(∆)r(m) ≶ 2.
After some algebra, we see that ∂AoF∂K > 0 if m <
1+∆2/2
1−∆2/2 .
This means that the AoF increases with K for those values
of m lower than the previous threshold value, which depends
on ∆. For instance, the AoF increases with K if m < 1 and
∆ = 0, or with m < 3 if ∆ = 1. In these situations, increasing
the LoS power is detrimental for the AoF. As it will become
clear in Section V, it is evident that the condition in (8) is
met for some values of the FTR fading model parameters.
Hence, we can anticipate that the FTR fading model has
hyper-Rayleigh behavior in the AoF sense. However, we also
observe that in the TWDP case (i.e. m → ∞), the AoF is
always reduced as K is increased. Direct inspection of the
AoF metric for the TWDP case reveals that AoFTWDP ≤ 1
in all instances. Hence, we see that the TWDP fading model is
not hyper-Rayleigh in the AoF sense, an observation that has
not been made in the literature to the best of our knowledge.
We will now move to the analysis of the hyper-Rayleigh
behavior in the OP sense. Because the Two-Wave fading model
(K →∞, m→∞) is a special case of the FTR fading model,
and its diversity order is d = 1/2 for ∆ = 1 [22], we know
beforehand that the FTR fading model also exhibits a hyper-
Rayleigh behavior in the OP sense. In the general case, the
power offset metric in (9) is given by
∆FTRPO (dB) = 10 log10
(
(1+K)
(1+
K
m )
m
2F1
(
m
2 ,
1+m
2 ; 1;
∆2
(mK+1)
2
))
.
(29)
Although a closed-form expression for this metric is obtained,
it is not possible to analytically determine the range of values
of K, ∆ and m for which the hyper-Rayleigh behavior
appears. Hence, we will proceed to the numerical evaluation
of this metric in Section V, although several special cases will
be later discussed. For the TWDP case, we have
∆TWDPPO (dB) = 10 log10
(
(1 +K)e−KI0(K∆),
)
, (30)
by direct inspection of (33) in the Appendix A.
Finally, we will consider the average capacity metric defined
in (12). Using (24) and (13), we can express
∆CFTR = − 1
pi
∫ pi
0
F(θ)dθ, (31)
6F(θ) = log
(
K(1 + ∆ cos θ) +m
m(1 +K)
)
+
K(1 + ∆ cos θ)(m− 1)
K(1 + ∆ cos θ) +m
3F2
(
1, 1, 2−m; 2, 2; K(1 + ∆ cos θ)
K(1 + ∆ cos θ) +m
)
. (25)
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Fig. 3. Evolution of the AoF for the FTR model, for low LoS (i.e. K = 1).
Solid black line indicates the boundary of the hyper-Rayleigh zone.
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Fig. 4. Evolution of the AoF for the FTR model, for high LoS (i.e. K = 10).
Solid black line indicates the boundary of the hyper-Rayleigh zone.
so that all the potential hyper-Rayleigh behavior is encap-
sulated in one single term, which can be easily evaluated
numerically. For the TWDP case, the capacity loss metric
reduces to the expression given in [15]. As stated in [15],
the average capacity under TWDP fading may be lower than
that of the Rayleigh fading channel. Hence, and because the
TWDP fading channel is a special case of the FTR model, then
the FTR fading model will exhibit hyper-Rayleigh behavior in
the average capacity sense. Thus, we can conclude that the
FTR fading model has full hyper-Rayleigh behavior, whereas
the TWDP fading model has strong hyper-Rayleigh behavior.
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Fig. 5. Evolution of the AoF for the FTR model, for very high LoS (i.e.
K = 100). Solid black line indicates the boundary of the hyper-Rayleigh
zone.
V. NUMERICAL RESULTS
We now exemplify the previous approach by providing
numerical evidences on the hyper-Rayleigh behavior of the
FTR fading model. All results in this section have been double-
checked with Monte Carlo simulations, although they are not
explicitly superimposed to the figures for the sake of clarity.
In the following, we represent the set of metrics defined in
Section III as a function of the FTR fading model parameters.
For convenience of discussion, we use a 2-D representation
using the parameters m and ∆ in the abscissa and ordinate
axes, and then change the parameter K accordingly in order
to consider three different situations: low LoS (i.e. K = 1),
high LoS (i.e. K = 10) and very high LoS (i.e. K = 100).
Note that the latter implies that the amount of power due to
multipath components is extremely low.
Figs. 3 to 5 represent the AoF of the FTR model given
by (22). We can observe that this model has a clear hyper-
Rayleigh behavior in the AoF sense when m < 1, for any
∆ and K. For 1 < m < 3, this behavior depends on ∆:
increasing the similarity of the specular component powers
as (i.e., as ∆ grows) allows to be in the hyper-Rayleigh
zone with a lower LoS fluctuation (i.e., a larger m). For
m > 3, as predicted by the analytical expressions, there is
no hyper-Rayleigh behavior. We see that the parameter K
has no influence on the limits of this region, but raising the
LoS power implies a higher AoF in the hyper-Rayleigh zone
and a lower AoF out of it, as stated in Section IV. In the
hyper-Rayleigh zone, increasing the LoS power through K is
detrimental because it also increases the AoF.
We will now analyze the hyper-Rayleigh behavior in the OP
sense. Figs. 6 to 8 show the power offset metric (in dB) related
to the asymptotic OP given by (29). Whenever m < 1, and
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Fig. 6. Evolution of the power offset metric ∆FTRPO (dB) for the FTR model,
for low LoS (i.e. K = 1). Solid black line indicates the boundary of the
hyper-Rayleigh zone.
regardless of K and ∆, the model is in hyper-Rayleigh zone
in the OP sense. For m > 1, this behavior depends on ∆ and
K. As the power of the two specular components becomes
more similar (∆ → 1), the fluctuation on these components
could be lower (larger m) while still being hyper-Rayleigh.
As the power in the LoS paths increases (higher K), the
hyper-Rayleigh behavior still appears when the two specular
components are nearly equivalent (i.e. ∆ close to 1), even for
lower fluctuations on the LoS components. In fact, we see
that the solid black line denoting the boundary of the hyper-
Rayleigh region becomes more abrupt as K grows, and the
set of parameter values that corresponds to the hyper-Rayleigh
region is reduced. It is important to note that increasing K has
a notorious influence on the power offset value: for K = 1,
the highest power offset is about 2dB, i.e. in order to reach
the same OP as in the Rayleigh case, nearly 2 dB more
are required for the average SNR under FTR fading. But for
K = 100, this value could be around 20 dB, a clearly worse
situation.
Finally, Figs. 9 to 11 represent the capacity loss metric given
by (13) for the case of the FTR model. As with the other
metrics, whenever m < 1 there is a hyper-Rayleigh behavior,
now in the average capacity sense. For other values of m,
the boundary line changes with ∆ and K similarly to what
happens with the power offset metric previously analyzed.
We see that the parameter K has a major influence on the
maximum capacity loss value. This entails that increasing
the LoS power in the hyper-Rayleigh zone is detrimental
for the capacity, just the opposite behavior experienced in
any situation out of the hyper-Rayleigh region. Interestingly,
increasing the power of the dominant components helps to be
in hyper-Rayleigh region for a slightly lower ∆ than in the low
LoS case, and also with a lower LoS fluctuation. In this case,
the sets of fading parameters that corresponds to the hyper-
Rayleigh region is enlarged. This conforms an area where the
AoF in FTR fading is lower than the Rayleigh case, but the
capacity of the former is also smaller than under Rayleigh
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Fig. 7. Evolution of the power offset metric ∆FTRPO (dB) for the FTR model,
for high LoS (i.e. K = 10). Solid black line indicates the boundary of the
hyper-Rayleigh zone.
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Fig. 8. Evolution of the power offset metric ∆FTRPO (dB) for the FTR model,
for very high LoS (i.e. K = 100). Solid black line indicates the boundary of
the hyper-Rayleigh zone.
fading.
We can conclude from the previous study that the FTR
fading model has full hyper-Rayleigh behavior according to the
three performance metrics considered to measure the hyper-
Rayleighness of a fading channel stated in Section III. This
can be summarized in a visually relevant form as in Fig. 12,
on which the three boundaries delimiting the hyper-Rayleigh
region for each metric are superimposed for the specific case
of K = 100. We call this representation a hyper-Rayleigh map,
and encapsulates the hyperRayleigh behavior of the fading
model in a unified fashion.
As for some of the special cases of the FTR model, we can
make the following observations:
• TWDP (m→∞). As justified in Section IV, the TWDP
fading model only has strong hyper-Rayleigh behavior,
since it does not meet the hyper-Rayleigh criterion in the
AoF sense.
• FTW (K → ∞). Similarly to the regular FTR fading
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Fig. 9. Evolution of the capacity offset metric ∆CFTR for the FTR model,
for low LoS (i.e. K = 1). Solid black line indicates the boundary of the
hyper-Rayleigh zone.
model, this special case also has full hyper-Rayleigh
behavior because of the LoS fluctuation captured by the
parameter m.
• Two Wave (K → ∞ and m → ∞). Even though this
model is widely regarded as one of the examples of hyper-
Rayleigh behavior [11, 15], using the definitions here
proposed we see that it only has strong hyper-Rayleigh
behavior, and not a full one, because of the AoF.
• Rician shadowed (∆ = 0). As we can see from the
figures, it can be easily checked that it has full hyper-
Rayleigh behavior for m < 1.
• Rician (∆ = 0 and m→∞). Confirming the well-known
result that the Rician fading is always less detrimental
than the case of Rayleigh fading, we see that it has no
hyper-Rayleigh behavior.
• Hoyt (m = 1). Interestingly, the formulation of the Hoyt
model as a special case of the FTR fading model for
m = 1 is useful to confirm that, ∀q < 1 (i.e. regardless
of K and ∆), it has full hyper-Rayleigh behavior,
VI. CONCLUSION
We have provided a formal definition for a set of conditions
that define whether a given fading channel has hyper-Rayleigh
or worse-than-Rayleigh behavior. Using this newly proposed
definition, we consider the very general FTR fading model
to exemplify our approach. We see that some of the fading
models which have been classically considered as hyper-
Rayleigh, i.e. TWDP and Two-Wave models, do not have full
hyper-Rayleigh behavior as the AoF metric is never larger
than in the Rayleigh case. However, the more general FTR
fading model does exhibit full hyper-Rayleigh behavior when
the dominant specular components heavily fluctuate. A very
interesting conclusion extracted is that the random fluctuations
in the LoS components captured by this class of fading models
allow for modeling more severe fading conditions than its
deterministic LoS counterparts.
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Fig. 10. Evolution of the capacity offset metric ∆CFTR for the FTR model,
for high LoS (i.e. K = 10). Solid black line indicates the boundary of the
hyper-Rayleigh zone.
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Fig. 11. Evolution of the capacity offset metric ∆CFTR for the FTR model,
for very high LoS (i.e. K = 100). Solid black line indicates the boundary of
the hyper-Rayleigh zone.
APPENDIX A
PROOF OF LEMMA 1
An asymptotic approximation for the Rician distribution is
given in [18] as
FRiceγ (γ) ≈
γ(1 +K)
γ
e−K . (32)
Using the analytical approach in [15] that connects the TWDP
distribution with an underlying Rician distribution of randomly
varying parameter K(θ) = K(1+∆ cos θ), with θ ∼ U [0, 2pi),
we obtain a tail approximation for the TWDP distribution as:
FTWDPγ (γ) ≈
γ(1 +K)
γ2pi
∫ 2pi
0
e−K(1+∆ cos θ)dθ,
≈ γ(1 +K)
γ
e−KI0(K∆), (33)
where we used the definition of the modified Bessel function
of the first kind [21, 32.10.1].
9Fig. 12. Hyper-Rayleigh map for the FTR fading parameters m and ∆, for
very high LoS (i.e. K = 100).
Let us define the ancillary RV γu as the instantaneous SNR
under FTR fading, conditioned to a given value of ζ, i.e. γu ,
γ|ζ = u. Hence, we have that γu ∼ T (γu;Ku,∆), with γu =
E{γu}, Ku = uK, with K = V
2
1 +V
2
2
2σ2 and ∆ =
2V1V2
V 21 +V
2
2
.
Noting that the following relation holds [5],
1 +Ku
γu
=
1 +K
γ
, (34)
we can obtain the asymptotic approximation of the FTR
distribution by integrating over all possible values of ζ, as
Fγ(γ) ≈γ(1 +K)
γ
∫ ∞
0
e−KuI0(Ku∆)
mm
Γ(m)
um−1e−mudu.
(35)
Solving the integral in (18) using [23, 3.15.1.2] yields the
desired result.
APPENDIX B
PROOF OF LEMMA 2
We define the same ancillary variable as in the proof of
Lemma 1. From [20], we have that
E{γku} =
k!γku
(1 +Ku)k2pi
k∑
i=0
(
k
i
)
Kiu
i!
∫ 2pi
0
(1 + ∆ cos θ)
i
dθ.
(36)
Recalling that the integrand is symmetric with respect to pi,
we can rewrite (36) as
E{γku} =
k!γk
(1 +K)kpi
k∑
i=0
(
k
i
)
(uK)i
i!
∫ pi
0
(1 + ∆ cos θ)
i
dθ.
(37)
The inner integral can be solved after a change of variables
t = cos θ and using the integral form of the 2F1(·) hypergeo-
metric function in [21, eq. 35.7.5], yielding
1
pi
∫ pi
0
(1 + ∆ cos θ)
i
dθ = (1−∆)i 2F1
(
1
2 ,−i; 1; 2∆∆−1
)
.
(38)
Combining (38), (37) and using E{γk} = E{E{γku}}, where
the outer expectation operation is performed over all the
possible values of ζ with (17), we have
E{γk} = k!γ
k
(1 +K)k
k∑
i=0
(
k
i
)
Ki
i!
2F1
(
1
2 ,−i; 1; 2∆∆−1
)
×
∫ ∞
0
ui
mm
Γ(m)
um−1e−mudu. (39)
The integral in (39) can be expressed in closed-form as∫ ∞
0
ui
mm
Γ(m)
um−1e−mudu = m−i
Γ(m+ i)
Γ(m)
. (40)
Substituting (40) into (39) and then normalizing to γk com-
pletes the proof, yielding (19).
APPENDIX C
PROOF OF LEMMA 4
Let us use (16) to express the received signal power as
r = exp (jϕ1)
(√
ζV1 +
√
ζV2 exp (jα) + Vd exp (−jϕ1)
)
,
(41)
where α = ϕ2−ϕ1. Because Vd is a complex circularly sym-
metric RV, its distribution is not affected by the exp (−jϕ1)
term. As stated in [15], and because of the modulo 2pi
operation, then α ∼ U [0, 2pi). Hence, the distribution of the
received signal power can be equivalently computed from
|r|2 = |
√
ζV1 +
√
ζV2 exp (jα) + Vd|2. (42)
Now let us define the ancillary RV γα as the instantaneous
SNR under FTR fading, conditioned to a given value of α,
i.e. γα , γ|α = θ. Then, it holds that γα follows a (squared)
Rician shadowed distribution [2] with mean γα = E[γα] and
non-negative real shape parameters Kα = K(1 + ∆ cos(θ))
and m, i.e, γ ∼ RS(γα;Kα,m). Similarly to (34), the
following relation holds:
1 +Kα
γα
=
1 +K
γ
. (43)
This allows to express the conditional asymptotic capacity for
γα as
C(γα) ≈ log2 γα − LRS(Kα,m), (44)
where LRS is given in [24, Table II] as
LRS =log2(e)γe − log2(e)
[
log
(
Kα+m
m(1+Kα)
)
+ Kα(m−1)Kα+m
×3F2
(
1, 1, 2−m; 2, 2; Kα
Kα +m
)]
. (45)
Now plugging (43) into (44) and (45), we can express
C(γ) ≈ log2 γ − LRSα (Kα,m), (46)
where now the dependence on α of the terms γα and (1+Kα)
is dropped because of (43), i.e.,
LRSα =log2(e)γe − log2(e)
[
log
(
Kα+m
m(1+K)
)
+ Kα(m−1)Kα+m
×3F2
(
1, 1, 2−m; 2, 2; Kα
Kα +m
)]
. (47)
Finally, averaging (46) over all possible values of the RV α
yields the desired result for the asymptotic capacity over the
FTR fading channel.
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